In this Letter we propose a method for correcting atomic calculations of the hyperfine structure by accounting for the actual nuclear magnetic moment, nuclear magnetization distribution, and quantum electrodynamic (QED) radiative corrections through the use of measurements of the hyperfine structure for high states. The idea is based on the realization that the simple scaling νns = µ/µN ν MB ns (1 + α/π F BW + α/π F QED ) is valid to high accuracy for all ns states, where νns is the total hyperfine splitting, ν MB ns is the many-body atomic calculation of the hyperfine splitting for µ = µN and point-nucleus magnetization, µ/µN is the nuclear magnetic moment, and F BW , F QED are the relative Bohr-Weisskopf and QED radiative corrections. When all effects are properly accounted for, the experimental value ν (2008)], revealing the deviation of atomic many-body theory from experiment unencumbered by the uncertainties from nuclear physics and from the neglect of QED radiative corrections. This new ability to probe the electronic wave functions with sensitivity to the electron correlations has implications for the analysis of parity violation measurements and opens the way for significantly improved atomic parity violation calculations. This ratio method may also be used for high-accuracy predictions.
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Studies of atomic parity violation provide important low-energy tests of the standard model of particle physics. The largest effect in atoms arises from the nuclear weak charge which depends on a unique combination of fundamental coupling constants. This makes atomic parity violation measurements uniquely sensitive to certain types of new physics, complementing searches for new physics performed at high energies [1] [2] [3] .
Extraction of the nuclear weak charge from atomic measurements requires high-precision atomic calculations (see, e.g., the review [4] ). For example, for Cs 6S 1/2 − 7S 1/2 , this corresponds to evaluation of the second-order expression
where 6S 1/2 , 7S 1/2 , nP 1/2 are many-body atomic states, D = i |e|r i is the electric dipole operator acting over the i electrons of the atom, H PV is the weak operator that is localized on the nucleus, and E are atomic binding energies. To gauge the accuracy of these calculations, comparison of theoretical and experimental determinations of electric dipole transition amplitudes, energy intervals, and hyperfine structure intervals is made [5, 6] . The hyperfine structure is sensitive to the atomic wave functions in the nuclear region, and it is the hyperfine structure for which the largest deviations are seen.
The atoms/ions of interest for atomic parity violation measurements include the alkali-metal atoms and alkalimetal-like ions Cs [7] , Fr [8] [9] [10] , Ba + [11, 12] , and Ra + [13] . The highest precision in atomic parity violation studies has been reached for 133 Cs, the measurement accurate to 0.35% [14] and calculations accurate to within 0.5% [5, 6, 15, 16] . The atomic theory uncertainty is considered to be a limiting factor in the interpretation of future measurements.
In this Letter, we pave the way for significantly improved understanding of the electronic wave functions in the nuclear region. We propose a method for empirically correcting the unknown or neglected nuclear properties and quantum electrodynamic (QED) radiative corrections in hyperfine structure calculations by exploiting the scaling of different effects for higher states. The method is applied to published data for 133 Cs and 210 Fr [17] , revealing remarkably better agreement between theory and experiment.
Beyond the uncertainties associated with manyelectron correlations in the atomic theory evaluation of the hyperfine structure, there are several other sources of uncertainty related to assumed values of (i) the nuclear magnetic moment, (ii) the finite-magnetization distribution of the nucleus, and (iii) QED radiative corrections (or their neglect). The size of the error associated with each of these may be several 0.1%, or even ≈ 1%, for the systems of interest for parity violation studies. Controlling these errors is crucial if ≈ 0.1% tests of the electron correlation calculations in the nuclear vicinity are to be made.
Indeed, (i) in the comparison between theory and experiment for the hyperfine structure, a value for the nuclear magnetic moment is assumed. However, for the Fr isotopes, these are not known to better than 1-2% [17, 18] . (ii) An assumed magnetization distribution is used in atomic calculations, the most routinely-used being the uniformly magnetized sphere. There is data, however, for the hyperfine structure for the neutrondeficient isotopes of Fr [19, 20] that supports the validity of the single-particle model for that system. In our recent work [21] , we demonstrated that using the single-particle model gives a result for 211 Fr that differs by nearly 1.5% from that found using the sphere; for 133 Cs this difference is 0.5%. (iii) Rigorous calculations are required for reliable determination of QED radiative corrections to the hyperfine structure. Such calculations at one-loop level have been performed for the alkali-metal atoms [22, 23] and only recently for alkali-metal-like ions Ba + and Ra
, with contributions entering at around 0.5% for Cs, Ba + , Fr, Ra + . Overwhelmingly, these effects have been neglected (or very crudely estimated) in theoretical determinations of the hyperfine structure.
We note that the uncertainty associated with the nuclear magnetization distribution also poses a problem in the area of QED tests in few-electron highly-charged ions. That problem is addressed by constructing a difference between hyperfine intervals of the ion in question and the hydrogen-like ion that cancels the effect [24] .
The magnetic hyperfine interaction is given by
where µ = µI/I is the nuclear magnetic moment and I is the nuclear spin, α = γ 0 γ is the Dirac matrix, and F (r) describes the magnetization distribution. We use atomic units (|e| = m = = 4π 0 = 1, c = 1/α). F (r) = 1 corresponds to the case of point-nucleus magnetization. For a finite-nucleus magnetization distribution, the value F (r) − 1 differs from zero within the nucleus, r ≤ r n . Account of finite-nucleus magnetization gives a correction to the (point-magnetization) hyperfine structurethe Bohr-Weisskopf (BW) effect [25] . For 2 S 1/2 states in the atom, the hyperfine interaction splits the level into states described by the total angular momenta F = I ± 1/2. The interval between hyperfine levels in the zeroth-order approximation (lowest-order in the atomic potential and for point-nuclear magnetization) is
where m p is the proton mass, g I = µ/(µ N I) is the nuclear g-factor, and f (r) and αg(r) are the upper and lower radial components of the relativistic wave functions ϕ 
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Σ to the hyperfine structure (in %) for Cs, Ba + , Fr, Ra + . This corresponds to evaluation of ϕBr|h hfs +δV hfs |ϕBr − ϕ|h hfs +δV hfs |ϕ relative to ϕ|h hfs + δV hfs |ϕ that satisfy the Dirac equation
In our many-body calculations for the hyperfine interval, we use the Hartree-Fock potential as our starting potential, V el = V HF . For calculations of the QED radiative corrections, we use two different potentials for V el , coreHartree V CH (corresponding to neglecting the exchange potential in Hartree-Fock) and Kohn-Sham V KS [26] . Finite nuclear charge distribution is included in the determination of the wave functions, with V nuc corresponding to a 2-parameter Fermi distribution. We parameterize the total hyperfine interval for the state ns, where n is the principal quantum number, as
where we explicitly show the dependence on µ, and the many-body value of the hyperfine interval ν MB ns for state ns is found with µ = µ N and point-nucleus magnetization, F BW is the relative finite-magnetization correction to the hyperfine interval, and F QED is the relative quantum electrodynamic radiative correction. In the following, we will consider how the relative correlation corrections F Σ and relative Bohr-Weisskopf F BW and quantum electrodynamic F QED corrections scale for higher principal quantum numbers n .
Our many-body calculations are carried out using the correlation potential approach [27] . A non-local, energydependent correlation potential Σ(r, r , ) is constructed such that, in lowest order, the average value of this potential coincides with the second-order correlation correction to the energy. We use the Feynman diagram technique to include electron-electron screening and the hole-particle interaction to all orders in the Coulomb interaction [28] . This potential is added to the relativistic Hartree-Fock equation (4), with V HF → V HF + Σ (∞) , and correlationcorrected (Brueckner) energies Br and orbitals ϕ Br are obtained.
The dominant part of the external-field correlation corrections -the core polarization -is included using the random-phase approximation with exchange (RPA). From this we get a correction to the hyperfine operator which corresponds to a hyperfine-modified Hartree-Fock potential, h hfs + δV hfs [27] . Inclusion of the correlation potential and RPA corrections corresponds to evaluation of the matrix element ϕ Br |h hfs + δV hfs |ϕ Br .
In Fig. 1 we plot the relative correlation corrections for ns states from the ground state to principal quantum number n = 16 for alkali-metal atoms and alkali-metallike ions of interest for parity violation studies, Cs, Fr, Ba + , Ra + . These corrections correspond to the difference ϕ Br |h hfs + δV hfs |ϕ Br − ϕ|h hfs + δV hfs |ϕ relative to ϕ|h hfs + δV hfs |ϕ which we denote by F Σ . Since most of the uncertainty in many-body calculations is associated with evaluation of the correlations, the smaller the relative size of the correlations F Σ , the smaller the error in the many-body calculations. We observe a sharp drop in the relative size of the correlations from ns to (n + 1)s, and the corrections continue to decrease with higher n. We may therefore expect that the many-body evaluation of the hyperfine structure is of significantly higher accuracy for MB n s compared to the ground or lower level MB ns , where n > n and particularly for n n. We have studied the scaling of the Bohr-Weisskopf effect in two very different magnetization models: (i) the uniform spherical distribution, where F (r) = (r/r n ) 3 , and (ii) the nuclear single-particle model, with spin nucleon g-factors found from measured nuclear magnetic moments. We refer the reader to, e.g., Ref. [29] for the single-particle model expressions for F (r), derived in Refs. [25, [30] [31] [32] . We performed calculations for 133 Cs with 5 × 10 4 grid points. At the Hartree-Fock level, we obtained a result F BW = −3.069 in the spherical model and F BW = −0.8940 in the single-particle model. We have checked the robustness of these results at different levels of many-body approximation, with core polarization included, with core polarization and the correlation potential, and with Breit. Inclusion of core polarization gave the largest correction, changing the result for F BW by only 0.4%. The results for F BW change only by about 0.1% at most for different principal quantum numbers, n = 6 − 10.
We have calculated the QED radiative corrections for 133 Cs over n = 6 − 10. Rigorous calculations of the one-loop self-energy and vacuum polarization corrections were performed using the extended Furry picture with the core-Hartree (CH) potential and the Kohn-Sham (KS) potential generated for the ground state. Expressions were derived using the two-time Green's function method [33] . Details of the method of evaluation may be found in Ref. [29] . In Table I we present our results. The correction changes relatively significantly from n = 6 through to n = 10 (20% for CH and 17% for KS), however a difference of 20% in F QED gives a change of only 0.05% in (α/π)F QED . Without loss of generality, we may write for the higher states
We have shown for Cs that comfortably δ BW δ QED < 0.001. Therefore, we propose to write the hyperfine splitting for the higher states n s with the same scaling as for the lowest level in Eq. (5),
The total hyperfine interval, when the "true" manybody, nuclear magnetic moment, finite magnetization, and QED effects are considered, coincides with the experimental value for the hyperfine interval,
Since the hyperfine interval for the high state n s may be calculated with significantly higher accuracy than for the lower level ns, the ratio
may be used for high-precision determination of the nuclear and QED parameters
which may then be used to correct the theory values for the ground and lower states,
Before we apply this method, let's consider for a moment the ratio ν MB ns /ν MB n s in Eq. (11) . The many-body value for the hyperfine interval may be approximately expressed as [17] . Raw values A n s and percentage deviations from experiment are presented in the first two columns of results, corrected many-body values using ratios from (n + 2)s and (n + 1)s states are presented in the following columns alongside their percentage deviations from experiment, and measured values and references are presented in the final two columns. In the table we use n to denote the ground state principal quantum number and n to denote arbitrary principal quantum number. Units: MHz. where ν HF is the hyperfine interval found in the relativistic Hartree-Fock approximation and F δV , F Σ are the relative RPA and correlation corrections. The RPA correction is essentially the same for all principal quantum numbers -for Cs, F δV ≈ 0.2 -and it cancels in the ratio Eq. (11) . It means that the ratio method is largely insensitive to the theoretical account of the core polarization, with this correction included empirically through ν exp n s . The atomic theory error, however, is mainly associated with the evaluation of the electron-electron correlations, most of which may be represented by a correlation potential Σ. For the correlation potential, and smaller correlation corrections, the relative correction is not the same for different n, and we have
The ratio therefore depends on the difference in the relative correlation corrections between states ns and n s, F Σ ns − F Σ n s . If we are interested in preserving the dependence on the theoretical account of the electron correlations (i.e., we want to test the accuracy of atomic calculations), then this difference should be as large as possible, F Σ ns F Σ n s . The most suitable state to test is therefore the ground state, with the other state chosen to be as high as possible (see Fig. 1 ). On the other hand, for the case where F Σ ns −F Σ n s ≈ 0 (both states with high principal quantum number), the dependence on the theoretical account of the correlations is removed in the ratio, and we may perform high-precision predictions of the hyperfine structure.
We apply the ratio method to published values of Gomez et al. [17] where the lowest three levels for the hyperfine A constants for 133 Cs and 210 Fr have been calculated and for which high-precision measurements are available. The results are shown in Table II . In the first column are the raw values from Ref. [17] , where a two-parameter Fermi distribution for the magnetization was used, where radiative corrections were neglected, and where the nuclear magnetic moment for 210 Fr was taken to be µ = 4.40µ N [18] . The deviation of these results from experiment is shown in the next column, seen to be around -1% for 133 Cs for all three states and for 210 Fr the ground state deviation is 1.1% and 0.4% for the higher levels. The ratio determined from the high levels (n + 2)s is applied to the lower (n + 1)s and ground ns levels, giving the values for the hyperfine constants presented in the next column. The improvement in the agreement with experiment is remarkable. For 210 Fr, there is exact agreement for the 8s state and a deviation of 0.7% for 7s, while for 133 Cs the value for 7s agrees exactly with experiment and for 6s there is a deviation of only 0.1%. If we apply the ratio from the (n + 1)s states, we obtain essentially the same results for the ground state hyperfine intervals as we did using the (n + 2)s ratios. The coincidence of the results with rescaling from (n + 1) and (n+2) lends support to the validity of the scaling and the high accuracy of calculations. Note that this procedure for testing the atomic theory is equivalent to comparing the theory ratio ν ns /ν n s or ν The value used for the nuclear magnetic moment for 210 Fr in the raw data of Ref. [17] has an uncertainty of 2% [18, 39] . By using the proposed ratio method, Eq. (11), the physical value for the nuclear magnetic moment is included through the measured value of the high states, with the assumed theoretical value cancelling in the ratio of the theory values, ν ns /ν n s = ν MB ns /ν MB n s . Moreover, while the QED radiative corrections were not included in Ref. [17] , it is clear that account of these corrections,
, would be removed in the theory ratio and input from the measured value for high states. In the same way, the dependence on the chosen magnetization distribution is removed.
By correcting for the actual nuclear magnetic moments, actual magnetization distribution of the nucleus, and neglect of QED radiative corrections, it is seen that the many-body calculations of Gomez et al. [17] are of significantly higher accuracy than previously considered. With the ratio method we have proposed, the electron wave functions for the low states may be probed reliably for the first time. The sensitivity to the electron correlations is best for the ground states, and a more reliable result may be obtained by using a ratio from higher states where F Σ n s is smaller. For the excited states 7s and 8s for Cs and Fr, respectively, it is natural to expect higher accuracy in the calculations compared to those for the ground states. However, part of the dependence on electron correlations is removed and corrected empirically in the ratio (11) for the excited states, which explains to some degree the remarkable agreement of the ratio-corrected results with experiment. The deviation from experiment for the excited states gives a lower bound on the error of manybody calculations.
Using the data from Ref. [17] , we again demonstrate the predictive power of the ratio (11) . For 133 Cs 8s, we obtain a "prediction" of 219.1 MHz using the data for 7s, agreeing with the measured value 219.125(4) MHz [36] . For 210 Fr 9s, we obtain 622.4 MHz from the data for 8s, in agreement with the experimental value 622.25(36) MHz [17] .
High-precision measurements of the hyperfine structure intervals for s-states of Rydberg levels would prove invaluable for correcting atomic calculations by means of the proposed ratio method.
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α/π F BW − α/π F BW , where F QED and F BW are semiempirically determined and F BW corresponds to the assumed magnetization distribution.
